Differentiable Functions

Exercises (Solutions)

1.
FO) - (%) _ X2_4=x+2
X=X, X—2
£1(2) = lim ) i x40y = 4.
X2 X_XO X2
2

Let us, for example, take

1 for x<0

-
f(x):=
) El for x>0

and

O1 for x<0
g(x):=0

1 for x>0
The functions f and g are not differentiable at O (as they are not continuous at 0), but
f + g is differentiable at O ( f + g is constanton R).

3.
Let us, for example, take

1 for x<0

0
f(x):=
) El for x>0

and

O1 for x<0
g(x):=0

1 for x>0
The functions f and g are not differentiable at O (as they are not continuous at 0), but f [y is
differentiable at 0 ( f (g is constant on ).

4.

Let f(x) = ! and X, = 0. The cosine function is differentiable at 0 and cos0 =1. Thus f is
cos X

differentiable at 0 and



f,(0):_5m0 _0o
cos 0

5.

Let f(x)=tanx = X
COS X

cos 0 # 0 and the tangent function is differentiable at 0, we have

. Sine the cosine and cosine functions are differentiable at 0 and

cos 0 [¢os 0 —sin O [{—sin 0) _1+0

tan)' (0) = =1
(tany' (0) cos’0 1
6.
1.
y+Ay = (x+0x)°, Ay =(x+Ax)° -x? = 2x [Dx + (Ax)
2
Ay _ 2xx + (Ax) oyt Ay
AX Ax
y'= lim y—Ilm(2x+Ax):2x
6x-0 AX  Ox-0
2.
y'(3)=6
7.
y:l- y+4y = L
X X+ AX
ay=—toto o oM oy 1.
X+AX X X+(x+Ax)  AX X [(x + Ax)
YA\ Y U 1 U 1
y'=Ilim—==Ilmr———=-—
-0 Ax -0 XX +AXT X
8.
1
tana, = 'H—Hzl; tana, =y'(-1)=-2
=y . =y'(-1)
9.
Let

y=f(x)=x, xOR* 0{0}.

Then the slope of the tangent line to the curvey = f(x) = Jx at point (4, 2)it



~ Xx—4

The equation of the tangent line T to the curve passing through (4, 2)is

y-2=m; [ﬂx—4)

:%(x—4).

10.
First solution method:

oy F(0-F(2)
fe=in=

Second solution method:

&x-0 AX

3+(2+Ax) 3+2
m 3-(2+Ax) 3-2

AX -0 X—2
= lim OB
-0 Ax [l - Ax)



= lim 6 =6
&x-01 = AX

11.
The function f (x) = In(x? +1)is defined and differentiable on &. We have

2X
x% +1

OxO R, f'(x)=
12.

When Ax > 0 we have

f JAHA0 - @) _ L [20+Ax -1 -[20-1] _ L 20X
Ax -0 AX Ax -0 AX ax-0 AX

=2.

When Ax < 0 we get

fo FAFDO=F@) o [LHAX]-1 L A

Ax -0 AX Ax -0 AX Ax -0 AX

1.

Thus, this limit depends on the sign of Ax, and this means that the function has no derivative
at the point x =1.

Geometrically, this is in accord with the fact that at the point x =1the given ,,curve* does not
have a definite line tangent.

13.
We have

f(0)=0, f(O+Ax):§/iAx5, y + Ax = 3/(AXx)
lim &Y = jim XA _ iy

Ax -0 AX ax-0  AX AXAOSIAXZ

= +o0

Consequently, the function is not differentiable at the point x =0.

Geometrically, the line tangent to the curve at this point forms, with the x —axis, an angle g

which means that it coincides with the y — axis

14.
1.
1 3
=——=x 2, x>0
y X
y:—gx_i_lz—gx_gz— 3 x>0
2 2 2x2/x



or

y': x>0

y'= (x? )isin x + x? fsin x)

y'= 2x 8in x + x* [tos X

y'= (\/Y)Bin x [£0s X ++/x [{sin x)@os x ++/x Bin x [{cos x )

:LE‘kinx[d:osx+ﬁﬂ:osx[¢osx+ﬁﬁkinx[(—sin x)
2/
1 ) )
= = [3in x [@os x + +/x Ccos? x —sin2 x
24/x 4 )
sin 2X
= + /X [B0s 2, x>0
4%

yi= (x*) ceos x - x° C{cos x) _ 3x” [Bos x + x° [3in X

cos? x cos? x
u:xz, d—u:2X;
dx
. dy )
y =sinu, —2 =cosu;
du
d_y:d—uEldl:2xm:osu=2xE¢os(x2)
dx dx du

, x¢g+km,k=L2m



y = (Inxy

u=lnx, d—uzl;
dx X

y=u?® d—y—3u2

y—sinl_(lnx]

_ du _1

u=Inx — ==
dx X

v=u?, d—\/:3u2
du

Cw dy _

y =sinv, —Z =cosV
dv

d—y:—Eldl Y )1([:Bu H:osv-—[:B[(lnx H:os[lnx ]

dx du dv

y =x*

Iny =Inx* =x0nx
l=|nx+£=lnx+1
y X

y'= (Inx +1)x*
y=e*

Iny =x*0ne = x?
lZZX

y

y'=2x[&”"

y = (sin x)*

In'y = x? On(sin x)



'=x° Osin x)° sinx'+sinxX2 X 'Dnsinx
y'=x? Osin x)!" ™ Cfsin x) + (sin x)* x?)

= x? Osin x)* ™ Ceos x + (sin x)* 2x Onssin x

4.
Iny:2In(x+1)+%In(x—1)—3ln(x+4)—x)
y'_ 2 1 3
== -2 -1, x>1
y x+1+2[(x—1) X+4 X
2
_(x+10/x-1 02 Lo 1,3 —l%, o1
(x +4) & +1 20x-1) x+4 4
17.
1.
. 1 <\ e’
y'= e’ ) = —
ﬁl—(ex)zl:( ) V1-e*
2.
y‘:2arcsin£Elli[B£H
x [ _1 DxO
X2
1 1
=-2arcsin —-————, —-1l<x<+1 0O x#0
X x@/x*-1
3.
1 1 1
y'= ————=[tan x)= - B
1—tan2x[( ) J1-tan?x cos? X
4.
y'= 4 arctan x)° Carctan x) = 4 farctan x)° EI“%
18
1.
Ay = (x + Ax)? = x? = 2xAx + Ax?,
dy = (xz)mx = 2XAX
2

If x =20,Ax =1, then



Ay =2200.1+(0.1)° = 4.01.
dy =2[200.1=4.00

Replacing Ay by dy yields an error of 0.1. In many cases, it may be considered compared to
Ay = 4.01and therefore disregarded.

19.
Let f(x) =sinx, then f'(x)=cos x.We put

T T

x=45" =" Ax=1="1" 45+ =04
180 4 180

NP

Substituting into

sin (x + Ax) = sin x + cos x [élx

we get

sin 46° =sinB71+lH:sinE+cosEEll

04 1800 . 4 4 180

or

sin 46° = V2 V2 2L = 0.7071 +0.7071 [0.017 = 0.7194 .

2 2 180

20.

yuzkl}kx, yn:kZ @kx’m, y(n) =kn @kx
21.

Since f (x) = x* = x is a polynomial, f is continuous on [0, 1] and differentiable on 0, 1[
Here, we note that f (0) = f(1) =0. Thus, f satisfies all the conditions of Rolle’s Theorem.

£'(x) =3x 1= (V3x-1)f3x +1)

implies
il
3 3
Since L o, 4, c= L is the desired answer
v3 T 4B '



22.

f(2)-f(0) _3-1

Since

f'(x)=3x*-3 and
therefore,

3c?-3=0

or, equivalently,

o
I
I+

™

Since cO[0, 2], we have

as our desired solution.

23.

=1,
2-0 2

Since the function periodic with a period of 277 , it is sufficient to investigate it in the interval

[0, 2r1]

y'=2cos x — 2sin 2x = 2 [{cos x — 2sin cos x) = 2cos x [{L - 2sin x)

2cos x ({1 - 2sin x) =0,
I,
6,

5
6

NS

X, = X, , Xy =

y''= =2sin X — 4 cos 2X

(y"),.n =20 -4 =-3<0.
6 2 2
Hence, at the pointx, = g, we have maximum:

_ 1.3
(y)ng _2%+2 2

Further,

(y),r =-20+40=2>0.
2

3T

Xy =

An so at the point at the pointx, = g , We have minimum:



(y).r =20-1=1.

2

At x, = ST \e have

6

(y).sm = -2 -4k = -3<0.
6 2 2

Thus atx, = 5?” the function has a maximum:

_ 1 E
(y),-sm _Z%J’E‘ >
Finally,
(y"),en =—20-1)-10-1)=6>0.
2
Consequently, at x, = 37" we have a minimum:

(y)x%n =20(-1)-1=-3.

fix)=2sinx+tco=2x

24.
y'=-4x®, -4x*=0, x=0.

=12, (1) =0
(yl)x<0 > O ' (y‘)x>0 < O !
Consequently, at x = 0the function has a maximum, namely (y),_, =1.

¥

10



25.

y"=30x*,  (y")e =0
(yl)x<0 < O ' (yl)x>0 > 0 )

Therefore, at x = 0the function has a minimum:

v
25
20
15
10
5
=X
-3 -2 -1 1 2 3
26.
y'=30x-1), 30(x -1y =0, x=1;

y'=60x-1), (y)e =0
(yl)x<1 >0, (y')m >0.

Consequently, at x =1 the function does not have either a maximum or a minimum:

¥

27.

y'=3x> -3, 3x* -3=0, X, = -1, X, =1.

11



y'=6X
(y”)x:—l = _6 < 0 '
Thus, at x = -1, we have a maximum:

(V) =5.

Further
(y”)le = 6 > O
And so at x =1, we have a minimum:

(¥)w =5

We now determine the value of the function at the end points of the interval:

15
(y)x:—3 =-15, (y)x:E =
2 8
Thus, the greatest value of the function on the interval E— 3 %Eis
(y)le = 5
and the smallest value is
(y)x:—3 =-15
¥
4
2 \/
H
-3 2 -1 1

28.
Let us find the critical values of the function:

12



f'(x) =4x® -12x* +12x -4 = 4 [[x* -3x* +3x - 1).
From the equation
Ax*-3x*+3x-1) =0

we obtain the only critical point x =1(since this equation has only one real root).
We now investigate the character of the critical point x =1:

fr(x) =12x? —24x+12, f"(1))=0
£ (x) = 24X — 24, (1) =0
f@(x)=24>0.

Consequently, for x =1 the function f(x) hasa minimum.

29.
f(0)=56 O d=5
f(4)=33 00 64a+16b+4c=28
f'(x) = 3ax® + 2bx +¢;

0, 48a+8b =0

f0)=0, f(4=00 c

O06a+b=0 0 7 21
H6a+4b:7 8 4



Thus, we have

f0=—Loene +5
8 4

¥
60
40
20
=
-6 -4 -2 2 4 6
-20
-40
30.
y'=-2x@; y'=2e7 [2x% -1).
2 1 1
27 [(2x* -1 =0 O X, = ———, X, = —.
o2 © 2
Forx<—i we have y'">0.
V2
1
For x>-— wehave y"<0;
V2

The second derivative changes sign when passing through the point x,. Hence, for

1
X, = —i, there is a point of inflection on the curve; its coordinates are: H—% e 2 H
2

V2

Forx<i we have y"<0.

2

1
For x>— wehave y">0;
V2
1

Thus, there is also a point of inflection on the curve for x, = 7 ; its coordinates are:
2

2

Incidentally, the existence of the second point of inflection follows directly from the
symmetry of the curve about the y — axis.

From the foregoing it follows that

14



for —co<x < 1 the curve is convex;

J2
for — 1 <Xx< 1 the curve is concave;
2 V2

for 1 < x < 400 the curve is convex.
2

=
-3 1 2 3
31.
y'=4x°; y"=12x?
y'=0; y'=12x* =0; X = 0.
for x <0, y'">0, the curveisconvex ;
for x>0, y'">0, thecurveisconvex .
Thus, the curve has no points of inflection.
v
100
20
60
40
20
=
-10 -5 5 10
32.
1 -2 2 _5
'=—x-1) s, "=—-—(x-1) 3
y'=3(x-1) yr=-5k-1)

The second derivative does not vanish anywhere, but at x =1 it does not exist (y'' - o).
Let us investigate the value x =1:

15



for x <1 y''> 0, the curve is convex;
for x >1 y''< 0, the curve is concave.

Consequently, at x =1there is a point of inflection (1 ; 0).
It will be noted that for x - 1 y' - +oo; the curve at this point has a vertical tangent.

33.
1)
Look for vertical asymptotes:

when x - 07y - +o
when x - 07y o -

Therefore, the straight line x =0 is a vertical asymptote.

2)
Look for inclined asymptotes:

k= lim L= lim LM— lim §+g—izmzl,
Xoto X Xodo X Xt x x°H
that is
- k*+2x-1 O . K2+2x-1-x*0_ . 10_
b= Ilm[y x]— lim ———-xg= lim 3 0= Im%—— =2,
X - *oo X - +00|:| X |:| thool:' X |:| X — oo XE
or, finally,
b=2 .

Therefore, the straight line
y=Xx+2
is an inclined asymptote to the given curve.

To investigate the mutual position of a curve and an asymptote, let us consider the difference
of the ordinates of the curve and the asymptote for one and the same value of x

x> +2x-1
X

—(X+2)=—

This difference is negative for x >0, and positive for x < 0; and so for x > 0the curve lies
below the asymptote, and for x < 0, it lies above the asymptote.

16



20

15

-5
-10
~15

34.

1)

It is obvious that there are no vertical asymptotes.

2)
Look for inclined asymptotes:

L .o esinx+x _ . E*GBinx 0
k=Ilim-==Ilm-———= |m[-,7+1D—1.
X”+°°X X - 400 X Xa+00|:| X |:|

b= lim [e‘X Gin x+x—xJ= lime™* Binx=0.

Hence, the straight line
y=X

is an inclined asymptote as x — +o .

The given curve has no asymptote as x — —oo . Indeed, the limit lim Y does not exist, since

X — —00 X

y_e " Binx +1 . (Here, the first term increases without bound as x - —.)
X X

35.

X
= f =
y=1(x) T+ 27
1. Domain
D(f)= R.

17



2. Continuity

The function is continuous in D(f).
3. Symmetry

The function is odd, since

_ - X — X —
- f(=x) = T ()7 T f(x), OxOD(f).

4. Points of Intersection with the Axes

5. Domains of Decrease and Increase

1-x?
L)

f'(x)<0 O 1-x*<00 (@-x)[1+x)<0 O xO -0, -1 O, +oo[

f'(x) =

f (x) decreasesin ]-oo, —=1[ O]1, + o[ and increasesin J-1, +1].
6. Extremal Points

_v?2
f'(x) = =X . o O X, = -1, x, =+1 (critical points).

Gext)
" (x =2xE(x2—3)
T ey

f'(-1) >0, f'(+1) <0.

Hence, at x, = -1 the function f(x) has a relative minimum and at x, = +1 a relative
maximum:

f(-1) =-1, f(+1) = +1

7. Domains of Convexity and Concavity

x (x?

‘ 255’ >0 0 xtfx=+3)dc+3)>0

Fr(x) = 2

0
f (x) is convex in 1-co, —+/3[1]0,+/3[, concave in J—+/3, O[ 013, + o] .

18



It hat the following points of inflection:

B RTINS

8. Asymptotes

For x - +0 y - 0,for x -~ -0 y - 0.Consequently, the straight line y =0 is the only
inclined asymptote. The curve has no vertical asymptotes because the function does not
approach infinity for a single finite value of x.

9. Graph of the Curve

(Last revised: 12.02.05)
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