Chapter II

Functions

D. 2. 1. (Mapping)
Let X and Y be two sets. Any subset f 00 X xY is called a mapping (or an application) from
X toy .

D. 2. 2. (Domain and Range)
Let X and Y betwosetsand f O X xY.
The set

D(f)={x0OX |yOY :(a,b)O f}

is called the domain of f . x is a pre-image of y.
The set

R(f):={yOY |XxOX :(a,b)O f}

is called the Range of f .y isanimage of x.
We write

f: X3V
Xy

D. 2. 3. (Equal Mappings)
Let f and g be two mappings.

fi=g = D(f)=D(g) OR(f)=R(g)00OxOX, f(x)=g(x).
D. 2. 4. (Composition of Mappings)
Let X,Y,Zbesets, f O X xY and g OY xZ. Let further R(f) O D(g) .
The set

fog::{(x,y)DX XY |Dydy :(x,y)O f D(y,z)Dg}

is called the composition of f with g.

R.2.1.
Generally

fog#gof,

even when both compositions are well defined.



D. 2. 5. (Injection)
f :X - Y isaninjection (oris injective) < Ox, OX,0x, OX,x #x, O f(x,)# f(x,),

or equivalently

Ox, OX,0x, OX, f(x))=f(x,)0 x, =x,

Let f: X ~Yand g: Y - Z be two mappings.
f and gareinjectives [ go f:X - Z isan injection.
go f:X -~ Z isaninjective 0  f isinjective

D. 2. 6. (Surjection)

f :X - Y isasurjection (or is surjective) - OyOY,xOX :y=f(x),

Let f: X -Yand g: Y - Z be two mappings.

f and garesurjectives O gof :X - Z isasurjection.

gof:X - Z isasurjection O  f issurjective

D. 2. 7. (Bijection)
A function f : X - Y is a bijection (or is bijective) if it is both injective and surjective, i. e. .

if every element of Y has exactly one pre-image in X .
Equivalently

f: X > Yisa bijection - OyOY,IxOX :y=f(x)

C.2.1.
Let f: X ~Yand g: Y - Z be two mappings.

f and gare bijectives [ go f:X - Z isa bijection.



D. 2. 8. (Identity)
If X is aset, the identity of X isthe mapping Id, : X — X suchthat Ox O X, Id(x) = x.

T.2. 1

f:X - Yisbijective = Oamapping g:Y - X:gof =1Id, Ofog=1d,

D. 2. 9. (Inverse Mapping)
The mapping g in the theorem T. 2. 1. is called the inverse of f and is denoted g := f .

(and f:=g™).

D. 2. 10. (Function)
The mapping f O X xY isunique, if

OxOX,0y,z0OY,((x,y)Of O(x,2)0f)0 y=1z.
A unique mapping will be called a function.

D. 2. 11. (Monotonous Functions)
Let f denote a function defined on an interval | .

1. fisstrictly increasing on| if Ox, O1,0x, 01, x, <x, O f(x,)< f(x,)

2. fisincreasingonl if Ox, O1,0x, 01, x, <x, O f(x)< f(x,)

3. f isstrictly decreasing on | if Ox, O1,0x, O, x, <x, O f(x)> f(x,)

4. fisdecreasingonl| if Ox, 01,0, 01, x, <x, O f(x)= f(x,)

5. f is (strictly) monotonous on | if it is either (strictly) increasing on I or (strictly)
decreasing .

6. f isconstantonl if Ox, O1,0x, O1, f(x;) = f(x,)

D. 2. 12. (Extremal Points)
Let f denote a function defined on a domain D(f). Let x, OD(f).

f has an absolute (or global) maximum at x, if Ox O D(f), f(x) < f(x,)

f has a relative(or local) maximum at x,, if OxOD(f)nU.(X,), F(x)< f(x,)
f has an absolute (or global) minimum atx, if OxOD(f), f(x) = f(x,)

f has a relative(or local) minimum at x,, if OxOD(f)nU_(x,), F(X)= f(x,)
5. A maximum and a minimum are called extremal points (singular: extremum).
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