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Chapter II

Functions

D. 2. 1. (Mapping)
Let X and Y be two sets. Any subset YxXf   ⊆  is called a mapping (or an application) from
X toY .

D. 2. 2. (Domain and Range)
Let X  and Y be two sets and YxXf   ⊆ .
 The set

{ }fbaYyXxfD ∈∈∃∈= ) ,( :|:)(

is called the domain of f . x  is a pre-image of y .
The set

{ }fbaXxYyfR ∈∈∃∈= ) ,( :|:)(

is called the Range  of f . y´  is an image of x .
We write

YXf      : →
     yx     !

D. 2. 3. (Equal Mappings)
Let f and g be two mappings.

)()( ,  )()(     )()(             : xgxfXxgRfRgDfDgf =∈∀∧=∧=⇔= .

D. 2. 4. (Composition of Mappings)
Let ZYX  , , be sets, YxXf   ⊆  and ZxYg   ⊆ . Let further )()( gDfR ⊆ .
The set

{ }gzyfyxYYxXyxgf ∈∧∈∈∃∈= ),(),( :y |  ),(:"

is called the composition of f  with g .

R. 2. 1.
Generally

fggf "" ≠: ,

even when both compositions are well defined.
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D. 2. 5. (Injection)
YXf     : →  is an injection (or is injective)  ⇔ )()( , , 212121 xfxfxxXxXx ≠⇒≠∈∀∈∀ ,

or equivalently

212121   )()( , , xxxfxfXxXx =⇒=∈∀∈∀

R. 2. 2.
Let YXf      : → and ZYg      : → be two mappings.

1.

    f  and g are injectives     Z  :     →⇒ Xfg "  is an injection.

2.

 Z  :     →Xfg "   is an injective f     ⇒  is injective

D. 2. 6. (Surjection)

YXf     : →  is a surjection (or is surjective)  ⇔ )(: , xfyXxYy =∈∃∈∀ ,

R. 2. 3.
Let YXf      : → and ZYg      : → be two mappings.

1.

    f  and g are surjectives     Z  :     →⇒ Xfg "  is a surjection.

2.

 Z  :     →Xfg "   is a surjection f     ⇒  is surjective

D. 2. 7. (Bijection)
A function YXf    : → is a bijection (or is bijective) if it is both injective and surjective, i. e. .
if every element of Y has exactly one pre-image in X .
Equivalently

YXf     : → is a  bijection  )(:,   xfyXxYy =∈∃∈∀⇔

C. 2.1.
Let YXf      : → and ZYg      : → be two mappings.

    f  and g are bijectives     Z  :     →⇒ Xfg "  is a bijection.
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D. 2. 8. (Identity)
If X is a set, the identity of X  is the mapping XXId X → : such that xxIdXx =∈∀ )(, .

T. 2. 1.

             YXf    : → is bijective YX IdgfIdfgXYg =∧=→∃⇔ "":: mapping a    

D. 2. 9. (Inverse Mapping)
The mapping g  in the theorem T. 2. 1. is called the inverse of f and is denoted 1: −= fg .
(and 1: −= gf ).

D. 2. 10. (Function)
The mapping YxXf   ⊆  is unique, if

zyfzxfyxYzyXx =⇒∈∧∈∈∀∈∀ )),(),(( ,, , .

A unique mapping will be called a function.

D. 2. 11. (Monotonous Functions)
Let f  denote  a function defined on an interval I .

1. f is strictly increasing on I if  )()(  , , 212121 xfxfxxIxIx <⇒<∈∀∈∀
2. f is increasing on I if   )()(  , , 212121 xfxfxxIxIx ≤⇒<∈∀∈∀
3. f is strictly decreasing on I if   )()(  , , 212121 xfxfxxIxIx >⇒<∈∀∈∀
4. f is decreasing on I if   )()(  , , 212121 xfxfxxIxIx ≥⇒<∈∀∈∀
5. f  is (strictly) monotonous on I if it is either (strictly) increasing on I or (strictly)
    decreasing .
6.  f  is constant on I if              )()( , , 2121 xfxfIxIx =∈∀∈∀

D. 2. 12. (Extremal Points)
Let f denote  a function defined on a domain )( fD . Let )(0 fDx ∈ .

1. f  has an absolute (or global) maximum at 0x if  )()( ),( 0xfxffDx ≤∈∀
2. f  has a relative(or local) maximum at 0x if         )()( ),()( 00 xfxfxUfDx ≤∩∈∀ ε

3. f  has an absolute (or global) minimum at 0x if   )()( ),( 0xfxffDx ≥∈∀
4. f  has a relative(or local) minimum at 0x if          )()( ),()( 00 xfxfxUfDx ≥∩∈∀ ε

5. A maximum and a minimum are called extremal points (singular: extremum).
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