Chapter 111

Sequences

D. 3. 1. (Sequence)
An (infinite) sequence of real numbers is a mapping whose domain is an infinite subset of [¥
and whose range is K:

=

{an} ! n D
R.3.1
The general term of a sequence can be given by

1. an explicit formula
2. arecurrence formula

Ex. 3.1
1.
{a}, nON, a =_"_ (explicit)
n+
2.
{a}, nON, a, =1, a, =l%n_l 4 20 E (recurrent)
2 an—l
3.
{t}, nON, f,=1=1, f,=f,+f, n=0,1..  (recurrent)

(This is the so-called Fibonacci sequence.)

D. 3. 2. (Partial Sequence)
Let{a } , n O Mbe a sequence of real numbers and k, k,,...a sequence of natural number with
k, <k, <..

The sequence {akn} , k. O I is called a partial sequence of the sequence of the sequence

{a}, nON

D. 3. 3. (Monotonic Sequences)
The sequence{a,}, nO N, is

1. constant if a.—-a =0 0OnON

2. non-decreasing if a,-a 20 OnON



3. non-increasing if a,,-a,<0, OnON
4. increasing if a,,,-a, >0, OnON

5. decreasing if a,,-a, <0, OnON
6. monotonic if it is either (non-)decreasing or (non-)increasing.

D. 3. 4. (Sequence Bounds)
Let {a,}, nO =, be a sequence.

1. {a}, nO Mis bounded above if B0 R suchthat OnO I, a, < B
2.{a,}, nO Wis bounded below if 0B O K suchthat OnO N, a, 2 B

3.{a,}, nO Mis bounded if it is bounded below and above.

ED R suchthat OnO W, |a,|< B, )-

0

G.e. ifO0B_ = maxﬁB‘, ‘é

D. 3. 6. (Infimum, Supremum)
Let{a}, nO ¥, be asequence.

1. {a}, nO I has asupremum sup, if

i) OsupO R such that OnO M, a, <sup
i) Oe>0, Cay : a, >sup- ¢

2..{a,}, nO W has an infimum inf, if
iii) OsupO R such that OnO WM, a, =sup
iv) Oe>0, (A, : a, >inf+e

D. 3. 7. (Convergent and Divergent Sequences)
The sequence{a,}, n O I, is convergent if there exists a number | O R fulfilling the
following statement:

Oe>0,[N,0N:n=N, O la,-Il<e (Cauchy’sinequality).
We write

lima, =1.

n-oo

Otherwise is the sequence divergent.



T.3. 1.
A convergent sequence is bounded.

Proof
Let {a,}, nO X, be a convergent series with the limit sequence |. Then

Oe>0,INO®:n2N, O |a-l|<e.
Let

(s}

=min{a,,a,,.,a,,a-¢&

(el

:=max{a,,a,,...a,,a+é& .

Then

Oe>0 0 B<a <B.

Thus, the sequence is bounded.

R.3. 2.
The converse is not true.

D. 3. 8. (Arithmetic Sequences)
The sequence {a }, nO I is arithmetic, if there exists a number d , called the difference of

the sequence, such that

a.,.,—a =d, OnON.

n+l n

D. 3. 9. (Geometric Sequences)
The sequence {a }, nO I¥ is geometric, if there exists a number g called the ratio of the

sequence, such that

h:q, a, 0, OnON
a

n

T.3.2
Let{a,}, n O [ be an arithmetic sequence whose difference is equal tod .

1. d=0 O {a},nDOMisconstant.
2. d>0 O {a,},nO0 Misincreasing and lima, = +o .
3. d<0 O {a,}, n O Mis decreasing and lima, = —c .



T.3.3.
Let{a }, n 0 Wbe a geometric sequence whose quotient is equal toq .

1. g=1 O {a},nO&isconstant.
=2 0O {a}, nOisconstant from its second term.
3. o<1 O  {a} nOMNisconvergentand lima, =0.
4. lg>1 O  {a}, nOMNisdivergent and
lima, = - if a, <0,
lima, =+ if a, >0,
5 g<-1 O {a},n0N isdivergent and has no limit.
6. q=-1 0 {a},nO M is periodic, with period equal to 2.
D. 3. 10.

1. The sequence {a,}, n 0 Mis said to have the limit+ oo ,if
OA>0,IN,ON:n=2N,0a,>A.

We writelima, = +oo .

n- oo

2. The sequence {a,}, n 0 Wis said to have the limit - o ,if
OA<O,IN,Ol:n=N,0a, <A.

We writelima, = —c .

n- o

T.3.4.

Let{a } and{b,} n O I, be given with lima_  =aand limb_ =b. Then

n- o noo

1. limcla, =cla

n-o

2. lim(a, +b,)=a+b,

3. lim(a, ,) =a,

4. Iimizl, if OnO®,a, #0 and lima, #0
naooan a n-co
. a, _a : :

5. Ilmb_n:B’ if OnOM,a, #0 and limb, #0



{a,}, a, 20, nO ™ is convergent with lima, = |

C.3 1

Let{a } and{b}, n O &, be given with On, a, <b, . Then

{a,} and{b,} n O ™ are convergent with lima, =aand limb, =b.

n - oo

U
asb
T. 3. 6.(Sandwich Theorem)

Let{a }and {b } {c} , nO M, be given with On, a, <c <b . Then

{a,} and{b } n O I are convergent with lima, = limb, =1.

n - oo

g

{c.}, nO mis convergent with limc, = |

n-o

{a}, nONhasthelimitt 0 {a,} has the limit ||

(The converse is not necessarily true!)

T.3.7.
Let{a,}, n O [be sequence. Then

1.
{a.},nO I, is increasing and bounded above
U
{a},n 0 W, is convergent
2.



{a,},n O™, is decreasing and bounded below

0

{a},nO =, is convergent
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