Chapter VI

Some Special Discrete Distributions

D. 7. 1. (Hypergeometric Distribution)
A discrete variableX has a hypergeometric distribution if its probabifitnction is of the

form
iy
oy x n-x
P(X=x)=p = N ,
n
x=0,1,..nh; nsM<N.
R.7.1.

The probability function of the hypergeometric diatition is formally equivalent to the
sampling schemwithout replacement.

R. 7.2
The requirements for a hypergeometric experimenaarfollows:

1. There must be a fixed number of trials.

2. Trials must be independent.

3. All outcomes of trials must be of two categories
4. Probabilities must remain constant for each. tria

T.7.1.
Let X have a hypergeometric distribution. Then
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Ex. 7. 1.
A box contains 25 items, 10 of which are defectvesample of two items will be taken,
without replacement:

1. Find the probability and the distribution function.
2. What is the probability that

a) none of the items is defective?
b) at most one of the items is defective?

3. Calculate the expected value, the variance, andtdmelard deviation of the random
variable.

Solution:
Let X denote the number of defective items in the sanipien, we have

N=25 M=10, n= .

by ey

= = =0.36.
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P(X =2)= Fﬂ[ﬁ;ilo} -3 -015
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Probability function:

P(X=x) | 035 0.50 0.15

Distribution function:

0.00 when —o<x< (
0.35 when kx=< 1

F(X) =
0.85 when Xkx< 2
1.00 when Xx<+ow
2.
a)
P(X =0)=0.35.
b)
P(X <2)=F(2)=0.85
3.
_M_10_2 2.3
N 25 5 5 5

N-n 25-2 .23
DZ(X):N P Mpl="_— (200 =0.46,

D(X) = 0.67823299..

D. 7. 2. (Binomial Distribution)
A discrete variableX has a binomial distribution if its probability futhan is of the form

n _
P(X=x)=p :(xJEpX ", x=0,1,..n.



R.7.3.
The probability function of the binomial distribaii is formally equivalent to the sampling
scheme with replacement.

R.7.4.
The requirements for a binomial experiment areodevs:

1. There must be a fixed number of trials.

2. Trials must be independent.

3. All outcomes of trials must be of two categories
4. Probabilities must remain constant for each. tria

T.7.2
Let X have a binomial distribution. Then
E(X)=nlp,
D?(X)=nlp.

Proof:

E(X):Zn:xEE JEpXEM— p)"*=nlp,

n
x=0 X

DZ(X)iXZEEUEbXE(l— p)"" —n®p*=nlp{l-p)=nlpH.

Ex.7.2.
A box contains 25 items, 10 of which are defectvesample of two items will be takewjth

replacement:

1. Find the probability and the distribution function.
2. What is the probability that

a. none of the items is defective?
b. at most one of the items is defective?
3. Calculate the expected value, the variance, andtdmelard deviation of the random
variable.
Solution

Let X denote the number of defective items in the sanmpien, we have

n=2 p—M—E—_Z q—_3
’ N 25 5 5



Probability function:

P(X=x) | 0.36 0.48

0.16

Distribution function:

0.00 when —o<x< (
0.36 when kx=< 1

F(X) =
0.84 when Xkx< 2
1.00 when Xx<+ow
P(X =0)=0.36.

P(X <2)=F(2)=0.84

E(X):nEp:ZEE:O.S,

D?(X)= ntpmzzaﬁ-t-gzo.w,
D(X) =0.69282032..
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R.7.5.

For a “sufficiently” largeN , the hypergeometric distribution can be approxeddiy the
binomial distribution. It will be recommended toeue following rule of thunmb

“If 100h < N, then the hypergeometric distribution can be axprated by the
binomial distribution.”

Ex. 7.3.

A manufacturer of car tires reports that amongiprsént of 5000 sent to a local distributor,
1000 are slightly blemished. If one purchases lib@de tires at random from the distributor,
what is the probability that exactly 3 will be blemed?

Solution:
We have
N =5000, ™M = 1000, n= 1.
(1000][65000- lOOj7
P(x=3)=p, =L 2 )= 0.20147771.
"%o)
Because of

10n =100110= 10G 5006 N
the probability can also be calculated as follows:

M _1000_ 1 4
n=10, p=—=——=—, =—
N 5000 5 5

10 3 10-3
P(X =3)=p, :( 3] [ﬁéj [Eg) =0.20132659.
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D. 7. 3. (Poisson Distribution)
A discrete variableX has a Poisson distribution if its probability fuctis of the form

:A_XB;_/]
x!
x=0,1,...n.

P(X =x)

T.7.4.
Let X have a Poisson distribution. Then

E(X)=D*(X)=nlp=A.

R.7.7.
The following is the plot of the Poisson probalgifiinction for four values of
Poisson POF (LAMBDA = §) Poisson POF{LAMBDA =15)
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Ex. 7. 4.

Assume that the number of defects per square roktecertain type of cloth manufactured
by a mill is measured as no defects, one defectdefects, and so on. In the average, the
number of defects is 0.5.

Compute the probabilities that a square meterhanle

a) no defects
b) one defect
c) two defects.

Solution:
We havel =0.5.

a)

P(X =0)= 0(')—5|0|]9'°'5 = 0.60653065.



b)

P(X=1)= 015@05 = 0.30326532.
c)
P(X=2)= 025 %% =0.07581633.
T.7.5
n X
lim :[ j[pxmn—x :A—EE_"-
nary X X!
Proof:

The statement of the theorem follows directly from:

lim (1—ij =g, Iin{ }ij = .
N+ n No +o n

R.7.8.

The binomial distribution can be approximated byRioagsson distribution far“sufficiently”
large (N — ) while np = A remaining constant. That is why the Poisson distidbus also
known as the “distribution of rare events”.

It will be recommended to use the following rulettimb

“If
np<10 and n= 1500,

then the binomial distribution can be approatied by the
Poisson distribution.”

ExX7.5.

80 people work in a factory. The probability thaeaf them becomes sick in winter is
estimated to be 0.05.

What is the probability that at least 11 peopld fadéicome sick as a result of a flue epidemic?
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Solution:
Denote the number of sick people Xy Using the binomial distribution with
n=80andp = 0.05, we shall have to calculate

10 /80 «
P(X 211)=1-P(X < 11)= +F (11F }z( jmo.osm 1 005"
x=0 X
A rather ,tedious” job. However, this will not becessary, since because of

np=80[D.05= 4 1( and n=80=1500J0.05 75 1500

the probability can be found by using the Poissstridution:
A =nlp=80[D.05= ¢

X

10
P(X211)=1-P(X < 11)= -F (11E }Z; "= %+ 0.997158 0.0028
x=0 7N+
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