Part |
Analysisin Economics

D. 1. 1. (Function)
A function f from a sefAinto a seB , denoted by : A - B, is a correspondence that

assigns to each elemexil A exactly one element] B . We call y theimage of x under
f and denote it by (x). Thedomain of f is the setf (A) ={f(x) |xOA} O B

R.1.1.
In this part, we only work with functions whose dains and ranges are sets of real numbers.
We call such functionsezal functions of onereal variable.

Ex. 1. 1.
Some important economic functions:

1. (Demand functions)

) p(x)=5"*

Here are:

p: the price per unit of product
X: the demand.



2. (Supply functions)
) p(x)=2V5x+4

i) x(p) =-50+ 8p°.
Here are:

p: the price per unit of product
X: the supply.

X (p)
20000

17500+
15000+
12500+
10000+
7500+
5000+
2500+

10

3. (Revenue functions)

) R(x):=x0p(x) =x{10-1.2%
=10x - 1.25¢

R(X)
20¢

17.5¢
15
12.5¢
10}
7.5

2.5¢




i) R(p)=p(p)=p{8-0.8p)
=8p-0.8p°

R(p)
20¢

17.5¢
15+
12.5¢
10+
7.5F

2.5¢

iii) (A discrete revenue function)
The following table shows the revenue [and €] of a firm in the first six month of a
year:

Month | 1 2 3 4 5 6
Revenue | 10 12 14 13 16 12

16+

15

14}

13+

121

11¢

4. (Production functions)
Let
r: Factor input
X: Output.
i) (Cobb-Douglas production function): x(r) =0.7r%°
X (1)
2,
1.5¢
l,
0.5+
2 4 6 8 10 '




i) (CES production function): X(r) = (r“’-5 +0.5)_2

X (T)

14t
1.2}

1,
0.8}
0.6}
0.4}
0.2}

2 4 6 8 10

iii) (Limitational production function):

0.75% fur r< 2C
X(r) = )
15 fur r> 20

5. (Total cost functions)

Es sei
X: Production
C: Total costs
C,: Fixed costs
C,: Variable costs

C(x) =C; +C,(x)
i) (Neoclassical production function): C(x) =2001+ 368>

i) (Piecewise defined cost function):

0.25+ 3 fur O<x< 4
0.2x+ 5 fur 4<x< 8
C(x) = .
0.5+ 3 fir 8 x< 12

0.12x* — 2.5+ 21 fur 1xx< 1

6. (Average, average variable and average costituns}

3_ 2
:800+ 0.0 —x"+ 6&: 809'0.01)(2—X+ 60
X X

€
L

c(x) = x>0, c(x)



€ (X)
35000
30000
25000
20000
15000
10000}

5000

3_ 2
CV—(X). x> 0, cv(x)=0'01x X+ 6K _ 0.05¢ - x+ 6C
X

¢,(0):=

cV (X)
60

59.5

59

58

57.5

40000

30000

20000
10000 L

0.5 1 15 2 2.5 3

7. (Profit functions)

P(x) = R(X) - C(X), P(x) =52.50— (X’ = 1%° + 6@+ 9¥
= —x3+12x%- 7.5¢— 9¢
P(x)
100
50
2 4 6 8 10 X
-50
-100




8. (Average profit function)

PO) ys0,  pgeXHICoTH98 o o g O
X X X

p(x) =

-200

-400

-600

-800

Ex.1.2.
Find the domain of the

1. production function
x(r) =~/2r - 200

2. demand function

p(x):%)—4\/;+20
X

3. function
E(Y) =200Cn(Y + 100)- 75,

(E : monthly expenditure on energy, : monthly family income)

Solution:
1. r=100
2. x>0
3.Y>0.

D. 1. 2. (Limit of a Function)
Letf: A - B be areal function and, | OR. Then

(limf(0=b) « (0e>000>0: (0<|x-al<d) = |f k ybl<e).

D. 1. 3. (One-sided Limits)

1. Letf : A - B be areal function defined Jw,, X, +3J[, &> 0.
A numberl, is called thdimit of f (x)as x approaches x, fromtheright (or simply called
theright-hand limit of f atx,, symbolically



<Iim+f(x):lr>,if (020 05>0: (x,<x<x,+J) = |f x),|<¢).
XX

2. Letf: A - B be a real function defined jw, -, X[, 0> 0.
A numberl, is called thdimit of f (x)as x approaches x, fromtheleft (or simply called
theleft-hand limit of f at x,, symbolically

<|ipq_f(x)=|,>,if (020 03>0: (%, -0<x<x) = |[f K)|<e).

T.1.1
A functionf : A - Bhas a limit asxapproaches,if and only if the left-hand and right-hand

limits at x,exist and are equal. In symbols, we write

lim £(x) =lim f(x) =lm_f(3 .
X=Xy X=X X Xg

T.1. 2. (Uniqueness of Limits)
<Iim f(x) =adlim (X :b> = a=b
X—Xg X - Xo

D. 1. 4. (Infinite Limits)
1.

<Iimf(x):oo>,if (OnON 05>0: (x-Jd<x<x) = f(x)>n).

X=X

<Iimf(x):—oo>,if (OnDZ\(NDO{0) 05>0: (x-J<x<x,) = f(x)<n).
X=X

<Iim+f(x):oo>,if<DnDN 05>0: (% <x<x+0) = f(x)>n).
X=X

4.
<Iim+f(x):—oo>, if (ONOZ\(NDO{O) 00>0: (%, <x<x,+J) = f(x)<n).
X=X

5.
<lirrx10f(x):oo>, if (ONON 05>0: 0<|x-%|<d = f x)>n).

<iip;10f(x):—m>, if (ONOZ\(NDO{O) 09>0: (0<|x—x|<d) = f(x)<n>.



Ex.1.3.
The following function expresses the dependenah@butter consumptioB [€/month] of a

family on its monthly incomé’ [€/month}:

1500

B(Y)=60& ¥ , Y> 0.

Investigate the change in butter consumption wherfamily income approaches zero?

Solution;
1500 1
lim B(Y) = lim60® ¥ =600lim—z = 600D= C.
Y- 0" Y- 0" Yoo =2
e Y

50

40

301

20

10

0" 2000 4000 6000 8000 1'D$Dd' 14000 18000

D. 1. 5. (Limit at I nfinity)

1,
<IXiT°f(x)=I>, if (De>0 ON: x>n = | (x)-I|<é&).
2.
<X|Lrpwf(x)=|>,if (0e>0 MOZ\(Z0{0Y) 05>0: x<n= |f(x)~I|<é).
Ex. 1.4

Given the function described in Ex. 1.3., find it of satiation for the income approaching
infinity.

Solution:

1500

lim B(Y) =lim 60 & Y =60[&° = 60011= 6(

Y oo



T.1.3
Leta,b,x,OR.

limb=Db.

X%

llmox:xo.

lim (ax +b) =ax, +b.
X=X

llfr;o|x|:xo.

lim sin X = sinx, .
X Xg XO

o a0 ~ w NP

lim cosx = c0sx, .
X=X

T.1. 4. (TheAlgebra of Limits)
Let f, g be two real functions. Ifim f(x) =aandlim g(x) =b, then the following rules
X Xo X Xo

hold:

1. lifr;lo(f(x)+g(x))=a+b.

2. lifr;lo(f(x)—g(x)):a—b.

3. J(Ifn k[T (x) =k[& (k is any constant).
4. liﬁ f(x) g(x) =al.

5 1im ) =2 i pag.
% g(x) b

T.1.5. (The Sandwich Theorem)
Let AODRand f, g, h:A - R be three real functions.

<g(x)sf(x)sh(x), OxOA O limg((x)= Iimh(x):a> = limf (x)=a .
X Xo X=X X=X

T.1. 6. (Elementary Limits of Circular Functions)

1. limSn8 _
6-0 @

2 limCe¥~1 ¢

6-0

3. lim 200 _q
6-0 @

T.1.7. (Limit Theorem for Composites)
Let f and g be two real functions.

(lmf(3=b O lmg( =g ) - (limg(f(0)=g0).

or, equivalently,



im g 104 =g(im 1))

D. 1. 6. (Continuity)
Let f : A- R be areal functionf is said to be continuous at= X, if

im £(x) = ()
or, equivalently
De>0,00>0: |[x-x|<d = |[f &) T & )<e.
R.1. 2

Here and throughout, the symbbl1C(x,) means ,f is continuous ak,“. Thus, we obtain
a rule to test for continuity at a given Point:

R. 1. 3. (Continuity Test)

FOC(x) = ()x0A
i )Xaliom‘ X ) existand

i) fimt X ¥ 1% ).

Ex.1.5.
A firm that produces some amount of outputas the following cost function:

C(X):{(x—4)2 if x>0
0 if x=0

1. What is the right-hand limit of this function @stput approaches zero?
2. What is the function actually equal to when oiip zero?
3. Is the function continuous? If not, explain wiot.

Solution:
1.
lirg C(x) =19.
2.
C(0)=0.
3

No, sincding C(0) # C(0).

10



25
20
15
10

T.1.8.
If f is continuous ak = x,, then the following combinations are also contumiatx = X, :

@i)f+g,
(i)-g,
(i k¥ KOR),
v)f Ly,

(V) é providedg &, = C

T.1.09.
If fis continuous ak,, and gis continuous aff (X,), then the compositg- f is continuous

at x,.

D. 1. 7. (One-sided Continuity)
1. A function f is calledcontinuous fromthe left at x,, if

lim () = f(x,).
X=X

2. A function f is called continuous fromthe right at X, ,if
lim f(x) = f(x,).
X=X

3Jffsdemmdodachmummnsodatimmnmj(mzfanmmnmj(m:f(m,

then f is said to beontinuous on [a, b].
T.1.10.

FOC(X) = lim f(x)=lim f(x) = f(x).
XX X Xg

11



T.1. 11. (Fundamental Theorem on Continuous Real Functions)
If f: [a b] - Ris a continuous function, thef([a, b]) =[c, d] for some suitable d OR.

In addition, if a real function is continuous [m b] , thenf attains an absolute maximum
value M and an absolute minimum valmesomewhere on this interval.

T.1.12. (Min-Max Theorem for Continuous Functions)
If f: [a, b] - Ris a continuous function, then there existx, 0[a, b] such that

f(x)< f(¥) < f(x,), OxO[a, b].

T.1.13. (Intermediate Value Theorem for Continuous Functions)
If f: [a b] - Ris a continuous function and ff(a) # f (b), then for anyk O[ f (a), f (b)]

(or [ f(b), f (@)]), there exists a number[a, b] such thatf ¢ Fk.

T.1.14. (Intermediate Zero Theorem)
If f: [a b] - Ris a continuous function anti(a) (¥ (b) <0, then there exists J[a, b]

such thatf (c) =0

T. 1. 15. (Boundedness Theorem)
If f: [a, b] - Ris a continuous function, then there exists a pa@situmberM such that

[f(x)|<M, OxO[a, b].

D. 1. 8. (Uniform Continuity)
If f: [a, b] - R be areal functionf is said to beiniformly continuouson f if

De>0,00>0: Ox,yOA,|x-y|<d = |f &) f ¢ )<e

Uniform continuity = continuity, but not the converse

D. 1. 9. (Derivative)
Letf : A Randx,O]a, b O A. Thederivativeof f is a function f ' whose value ak;is

the number

(%) = lim 0= ()
X=X X=X,
or, equivalently
(%) = lim ”“AZ](_ F0%)

with x = x, + AX.

12



Generally speaking, the derivative éfat anyx, O]a, b[ O Ais given by

f'(x):=|hi[T(1) f(x+hr)]— f(x)l

If the derivative f '(x,) exists, we say thdthas a derivative (or, is differentiable) at x, . If
f has a derivative at every point of its domain, tHeis said to belifferentiable.

Ex.1.6.
A firm has the following revenue function

E(x) =150x — 0.5°.
Find its derivative atx, =2 .

Solution:

E(2+h)-E(2)
h

E'(2)= lim

1500 2+h) - 0.5( 2+h)’|-[ 1502 057

h-0 h
. l4&h-h?
=lim—

h-0 h

=lim (148-h) = 148,
h-0

D. 1. 10. (One-sided Derivative)
Letf : A - R be areal function. Thefh is said to balifferentiable on [a, b] if f'exists for

all xOJa, bf and the limits

f(a+h)- f(a)

(i) f.(a):= i!lrro1 . (right-hand derivative at a)
or, equivalently,
f,(a):= Iim+M
x-a X—a
and
(i) f(a):=fim fb+ hr)1 ~ 1 (b) (Ieft-hand derivative at b)

or, equivalently,

13



£(a) = lim 1= ()
X b X-b

exists at the endpoinsandb.

T.1.16.
Areal functionf :A - R is differentiable atx = x,if and only if

F0%6) = F(%) = /(%)

T.1.17. (Differentiability-Continuity Theorem)
If a real functionf is differentiable ax,, then f is continuous ak, .

T.1.18. (Algebra of Derivatives)
If f and Jare real functions that are differentiablexatthen f + g, f [§ andf /[gare
differentiable atx (in the case off / g provided thatg(x) # 0). Moreover,
(i) (f+g)'(¥)=f'(X)£g'(x) (Sum-Difference Rule)
(ii) (f ®)'(x)=f()'(x)+g(x) F '(x) (Product Rule)

(i) (f19)(0="XECIZGOT) o piient Rule)
(9(x)

T.1. 19. (Chain Rule)
Let the functiorF be defined a$ composed witly , that isF = f og = f(g(x)). ThenF'is

given by

= - ) B

F'=—_ =
dx

R.1.5.
Alternatively, in Leibniz notation, the chain rudan be expressed as

dy _dy gz
dx dz dx’

Ex. 1. 7.
A firm’s cost function is given by

C(x) = 200&”*>**°, x> (.
Find the marginal cost function.

Solution:

z=0.01x + 40¢, $:0.01
dx

14



C(x) = 2000&7, ‘:'j—c = 2000&
VA

C'(x) = dC(x) _dz EQC(X) = 0.01[ROQ&" = pOO+400
dx dx dz

D. 1. 11. (Elasticity Function)
Let f be a differentiable function ok. The function

X
& (X)i=——0F "(x
f,x( ) f(X) ( )
will be called theglasticity function of f onA.

R.1.6.
1. The elasticitye, ,can be interpreted as follows: A percentage chafgeleads to an

approximate change df bye, .

2. &;,>0means that botixand f change in the same directios, , <Omeans thatand
f change in opposite directions.

3. Following cases can be distinguished:

e, | <1: f isinelastic,

e, >1: f iselastic

EREE f is proportional elastic,
\,sfyx L oo: f iscompletely elastic,
&,=0 f is completely inelastic.

4. Letf be denoted by = f (x) und its inverse by =g(y). Then

Ex. 1. 8.
A firm has the revenue function

R(x) =300x - 2.5¢.
Find the elasticity functiornyx(x) at the pointx =10 and interpret your result

Solution:

ER,X(X) = X

300x— 2.5¢ 00~ %),

£-,(10)= 0.91.

15



An increase of demand from 10 units by 1% will léacn increase of the revenue of the firm
by approximately 0.91%. The revenue function i¢asic atx =10.

D. 1. 12. (Differential)
Let f be a differentiable function aiandAx # 0. The difference between(x + Ax) and

f (X), denoted byAf ,
Af = f (x+Ax) - f(X)

is called thencrement of f from xto x+Ax.
The productf '(x)Axis calleddifferential of f at xwith increment Ax, and is denoted bgf ,

df := f '(X)Ax
or, equivalently,

dy:= f '(X)AX.
R.17.

In the above definitionAx can be any nonzero value. However, in most apphicatof
differentials, we choosex = Ax. Thus, we also write

dy := f '(x)dx.
We have
Af = df
or, equivalently
Ay = f'(x)Ax = f '(x)dx

Ex.1.9.
The total cost function of a firm is given by

C(x) =0.06¢ — 22+ 60+ 20!.

The firm would like to increase its production frdfd to 12 units. Find the approximate
increase of costs using the differential of thet ¢éosction.

Solution:

dC(x) = C'(x) [aix =(0.18¢ ~ 4+ 6] [tix,

x=10,dx=2

Tt

=10,dx=2

D. 1. 13. (Maximum and Minimum of a Function)
Let f : A~ Rbe a function.

1. A numberM is called thamaximumvalue of f over Aif

16



f(x)<M, OxOA Of (c)=M for somedA
2. A numbermis called theminimumvalue of f over Aif
f(x)=2m, OxOA Of (c)=m for somec[JA

T.1.20.
Let f : A Rbe afunction an@JA. If f'(c)exists andf '(c) # 0, then f (c)is neither a

maximum nor a minimum value of in any neighbourhood af.

Proof:
If f'(c) andf'(c)>0, then

f'(c) = ”mw>o_
x-¢  X—C
The there exists an Intervit - J, ¢+ J[ such that

%;(C)>O, Ox0]c-3d, ¢ O]c,c+d].

This implies thatf (x) - f (c) and x - c have the same signjie-d, ¢[O]c, c+J[, that is,

f(x)<f(c)if x<c
and

f(x)> f(c) if x>c.

Hence, f (c)is neither a maximum nor a minimum value foin any neighbourhood af. A
similar argument holds iff '(c) < 0.

T.1.21. (Contrapositiveof T. 1. 20)
Let f : A- Rbe a function ang¢JA. If f(c)is either a maximum or a minimum value of

f in some neighbourhood af, then eitherf '(c) does not exist of '(c) = 0.

D. 1. 14. (Critical Number)
Let f : A Rbe a function. A number] Ais called acritical number of f if eitherf '(c)

does not exist of '(c) = 0.

T.1.22. (Ralle)
Let [a, b] O Aandf : A - Rbe a function. If

(i) fis continuous ofa, b],
(i) fis differentiable ofa, b[, and
(ii) f(a)=1(b),

then there exists an elemerifl]a, bf such thaff '(c) =0

17



T.1.23. (Mean Value Theorem)
Let [a, b] O Aand f : A - Rbe a function. Iff is continuous otja, bjand differentiable

on|a, b, then there exists a numisef |a, b[ such that

f(b)-f(a) _ ;.
— =1,

D. 1. 15. (Monotonic Functions)

Let f : A Rbe a function.

(i) fis said to bamonotonicincreasing if f(x)< f(x,), OX,X,0A:X;<X,.
(if) fis said to benonotonic decreasing if f(x) = f(x,), 0OX,X,0A:X,<X,.
(i) fis said to bestrictly increasing if f(x) < f(x,), OX,X,0A:X,<X,.
(iv) fis said to bestrictly decreasing if f(x)> f(x,), 0Ox, ,X,0A:X;<X,.
(v) fis said to bemnonotonic if f is either increasing iAor decreasing if.

(vi) fis said to bestrictly monotonic if f is either strictly increasing iAor strictly
decreasing iA.

T.1.24. (Monotonicity Theorem)
Let f : A~ Rbe a function. Iff is continuous orja, b|] O Aand differentiable ofa, b[ ,
then

(i) f'(x)>0,Ox0O]a,b[ = f is strictly increasing ofa b]
(i) f'(x)<0, OxO]a, b = f is strictly decreasing da b]

Ex. 1. 10.
Find the intervals in which the profit function

P(x) = —0.5x* + 9x — 1000
is strictly monotonic and sketch the graphf of

Solution:

P'(x) = -x+90,
P'(x)>0 = x<90.

O f is strictly increasing i]0, 99 and strictly decreasing fox > 90.

P (x)
3000

2500
2000
1500
1000

500

20 40 60 80 100 120 140
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D. 1. 16. (Extrema of a Function)
Let f : A— Rbe afunction ang, J A. We say that

(i) f(x,)is arelativemaximumof fon Aif f(x)< f(x,), OIXOAnU_(X,).
(i) f(x,)is arelativeminimumof f on Aif f(x)= f(x,), OXOANU_(X,).
(i) f(x,)is anabsolute maximumof f on Aif f(x)< f(x,), OxOA.

(iii) f(x,)is anabsolute minimumof f on Aif f(x)= f(x,), OxOA.
T.1.25. (A Necessary Condition for Relative Extrema)

If a function f has a relative extremum at a numkgrthen f '(x,) =0or f'(x,) does not
exist.

T.1.26.
If fis a differentiable function on a sétand has a relative extremunxat thenf '(x,) = 0.

T.1.27. (First Derivative Test for Extrema)
Let x,be a critical number of and f be continuous a{,. If there exists ar > 0such that

(i)
(f'(x)<0, OxO]% —&,%[ Of '&)> 0,0x0O]x, X,+&])
then
(f (%) is a relative minimury.
(i)
(f'(x)>0, OxO]x,—&, %[ OFf ‘&)< 0,0x0O]%, X+ &)
then
(f(x,) is a relative maximuiy.
(i)

(f'(x) keeps the same sign §r, =& X[ O]X, X+ &[)
then
( f (%) is not an maximuiy.

T. 1. 28. (Second Derivative Test for Extrema)
If x,is a critical number of a functiohwhich is twice differentiable on an interval

]% =&, %, + €[ for somes >0, then

(i)

f"(%)<0 = f ,) is arelative maximum bf

(ii)

f"(%)>0 = f (,) isarelative minimum &f

19



R.1.8.
An algorithm for obtaining the extrema of a givemtinuous functiorf on the interval

[a, b]is given as follows:

1. Determine all critical numbers dfon]a, b[ .

2. Calculate the value of at all its critical numbers and al$¢a) andf (b) .

3. Compare all the value dfin 2. and the largest one is the maximum valué of[a, b
while the smallest value is the minimum valofe f on[a, b].

Ex. 1. 11
The profit function of a firm depending on the jgricharged for its product is given by

P(p) = - p®+480Q -119000, Dp<

Find the price for which its profit will be maxingd.

Solution:

1.
P'(p)=-3p°+4800= 0, G p< 45 = p= ¢
P"(p)=-6p<0.

Hence, the only critical numbers Bfon |0, 45 is p =40 with P(40)= 900C.

P(0)=-11900(, P(45)= 587E.

3.
Because 0f-119000< 5875 900 the firm’s profit will be maximised fop = 40:

P(p)

40
-20000}
- 400001
-60000]
-80000!
-100000

- 120000F

D. 1. 17. (Convex and Concave Function)
Let f be a function which is continuous §a, b| and is differentiable ofa, b[. We say that

(i) fis convex if the graph of lies above the tangent Iinesft(bhroughou]a, b[.
(i) fis concave if the graph of lies below the tangent lines tdhroughou]a, b[.

20



T.1.29. (Test for Convexity and Concavity)
Let f : A -~ Rbe a function whose second derivative exist]saob[. Then we have:

(i) f'(x)>0, OxO]a,bf = f isconve
(ii) f'(x)<0, OxOJa,bf = f isconcav

D. 1. 18. (Inflection Points)
The poin(xo, f (xo)) is called gpoint of inflection of a function f if there exists an interval

]% =& X,+&[ such thatf "(x) >0, OxO]x,~0, x,[ and f "(x) <0, OxO]x,, X, + €[ -

T.1.30. (Test for Inflection Points)
If (xo, f (xo)) is an inflection point of , then eitherf "(x,) = 0or f "(x,) does not exist.

Ex. 1. 12.
A firm has the total cost function

C(x)=8400(+(100800@2— 3066 + xé)m 160 x> 1.

Discuss the most important properties of its aver@gst functionc(x) := € .

Solution:
c(x) =8400+ 10* (1008000— 3060+ x3

1. Domain

D(c(x)) =[100, i} ; X : maximum production capacity.

Let us assume that the firm has a maximum capatik= 800.

1. Continuity

c(x)ist continuous oD .

3. Points of Intersection with the Axes

a) withthe x—axis

c(x):=0 = 8400+10(100800&—3060x* +3x%*) =0

It can be (humerically) shown that the grap c(x) does not cut thex — axis.
b) Withthey - axis

Because ofx> 10@here is also no point of intersection with the axis.

4. Monotonicity
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c'(x) =10*(1008006- 6120+ ¥

c'(x):=0 = X, =280 X, =400

(x-280 [{x-400)=0 =  ¢(x)is non-decreasing.
The solution of the above inequality leads to thifving results:

c(x) is non-decreasing farx [1]100, 280 [1]400,800 [
c(x) is non-increasing fdrx [1]280,400 [

5. Extrema
c'(x)=10%(-612+ 18 ;  c¢"(280)=-0.10& C; c"(400)= 0.108> (.

Thus, c(x) assumes a relative maximumy»t  28th ¢(280)= 19219.2(and a relative
minimum atx = 40Qvith ¢(400)= 18960.0L.
Because oft(100)= 15720.0( and c¢(800)= 46800.0! the absolute minimum and the absolute

maximum ofc(x) are (100, 15720 and (800, 46800, respectively.

6. Convexity and Concavity

,l.e. x= 340

<c--(x):1or4 6120+ 18 3 D = <c(x) is convex;Ix 0 ]340, 803[

c(x) is cocave,x ] J100, 34Q[
O (340, 19089.6f is a point of inflection of(x).

The average costs increase progressivelg49,800 and regressively ij100,340 .[

7. Graph of the Function:

c(x)
40000 ¢

35000
30000
25000
20000 ¢
15000
10000+

5000+

200 400 600 800
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